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5 AN EQUIVALENCE OF FINSLERIAN RELATIVISTIC THEORIES
E. Minguzzi∗
Abstract
In Lorentz-Finsler geometry it is natural to define the Finsler Lagrangian over a cone
(Asanov’s approach) or over the whole slit tangent bundle (Beem’s approach). In
the former case one might want to add differentiability conditions at the boundary
of the (timelike) cone in order to retain the usual definition of lightlike geodesics.
It is shown here that if this is done then the two theories coincide, namely the
‘conic’ Finsler Lagrangian is the restriction of a slit tangent bundle Lagrangian.
Since causality theory depends on curves defined through the future cone, this
work establishes the essential uniqueness of (sufficiently regular) Finsler spacetime
theories and Finsler causality.
1. Introduction
In this work we shall establish that any sufficiently regular Lorentz-Finsler Lagrangian
defined over a cone L ≤ 0 can be extended to the whole slit tangent bundle (Theorem 1).
This result is expected to be useful in both Lorentz-Finsler geometry and in Finslerian
theories of gravity since it implies the equivalence of apparently different approaches. I
am referring to the works who followed Asanov’s conic approach [1–6] and to the works
who followed Beem’s slit tangent bundle approach [7–15], and which can be considered,
thanks to this work, as studies of the same theory. Some Finslerian approaches which
cannot be easily comprised in this unified theory include [16–18].
The mathematical methods used in this work belong to Finsler geometry of indicatri-
ces, affine differential geometry and analysis of convex functions [19–21]. The reader is
referred to [13] for a more physically oriented bibliography on Finsler spacetime theories
including proposals that have been advanced for the field equations.
Let M be a paracompact, Hausdorff, connected, n + 1-dimensional manifold. Let
{xµ} denote a local chart on M and let {xµ, vν} be the induced local chart on TM . We
start giving a quite general setting for Finsler spacetime theory, which we call the rough
model.
Let Ω be a subbundle of the slit tangent bundle, Ω ⊂ TM\0, such that Ωx is an
open sharp convex cone for every x. A Finsler Lagrangian is a map L : Ω→ R which is
positive homogeneous of degree two in the fiber coordinates
L (x, sv) = s2L (x, v), ∀s > 0.
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2It is assumed that the fiber dependence is C2(Ω), that L < 0 on Ω and that L can be
continuously extended setting L = 0 on ∂Ω. The metric is defined as the Hessian of L
with respect to the fibers
gµν(x, v) =
∂2L
∂vµ∂vν
,
and in index free notation will be denoted with gv to stress the dependence on the velocity.
This Finsler metric provides a map g : Ω→ T ∗M ⊗T ∗M . The manifold (M,L ) is called
a Finsler spacetime whenever gv is Lorentzian, namely of signature (−,+, · · · ,+). By
positive homogeneity we have L = 12gv(v, v) and dL = gv(v, ·). The usual Lorentzian-
Riemannian case is obtained for L quadratic in the velocities.
A vector v ∈ Ω¯ is said to be future timelike, lightlike, or spacelike depending on the
sign of L (x, v), respectively negative, zero, or positive. We denote the sets of these vec-
tors with I+ = Ω, E+ = ∂Ω and J+ = Ω¯, respectively. The observer space (indicatrix),
or velocity space, is I −x = {v ∈ TxM : 2L (x, v) = −1}. The condition L (x, v) → 0
for v → ∂Ω assures that the observer space is fully contained in I+x . In particular, it is
non-compact and asymptotic to E+x . Observe that the Finsler Lagrangian is defined just
over a subset of the slit tangent bundle as pioneered by Asanov [2].
Beem’s definition of Finsler spacetime is more demanding [7], as in his approach L
is defined over TM\0. In this case the Finsler Lagrangian is reversible if L (x,−v) =
L (x, v). Now a selection has to be made of future timelike cone (for reversible La-
grangians there is always a time oriented double covering). It is known [7,11,13,22] that
the set of timelike vectors is made by the union of disjoint open sharp convex cones.
In [13] we proved that for reversible Lagrangians of Beem’s type and for n ≥ 2, there
are indeed two timelike cones at each point, exactly as in Lorentzian geometry 1. The
Finsler spacetime in Beem’s sense is then a time orientable Lorentz-Finsler manifold.
Of course, Beem’s spacetime can be regarded as a particular case of the rough setting
where Ω can be identified with the future cone I+. The attractive features a Beem’s
approach stand on the C2 differentiability of the Lagrangian at the boundary of Ω = I+.
This makes it possible to define lightlike geodesics. Also the standard theory of Finsler
connections [14,23–27], being based on the slit tangent bundle, is well adapted to Beem’s
framework.
One could try to improve the rough theory, while refraining from adopting Beem’s
approach, through the assumption of Beem’s differentiability conditions at the boundary
of the lightlike cone as done in [6]. However, this strategy does not lead to a different
physical theory since we prove
Theorem 1. Let L : I+ → R be a Lorentz-Finsler Lagrangian in the rough sense, and
suppose furthermore that
†: L ∈ Ck, 2 ≤ k ≤ ∞, can be Ck extended to ∂Ω while preserving the signature of
g and in such a way that dL 6= 0 on ∂Ω,
1John Beem investigated this problem and believed to have found a counterexample [22] which, under
closer inspection, can be shown to be incorrect.
3then there is an extension L : TM\0 → R to a Ck Finsler Lagrangian, namely L
is positive homogeneous of degree two and its fiber Hessian has Lorentzian signature.
Furthermore, the locus L < 0 is at each point x ∈M the union of two open convex sharp
cones whose closures do not intersect and whose union spans TxM (to be interpreted as
the future and past timelike cones).
Remark 1. In the previous theorem Ck differentiability over the closed set Ω¯ should be
understood in Whitney’s sense [28]. Then by Whitney extension theorem L can be
Ck extended in a neighborhood of ∂I+ = E+. The condition dL 6= 0 implies that the
boundary E+ is a Ck embedded manifold, and by continuity L has Lorentzian Hessian in
a neighborhood of E+. Theorem 1 states more, namely that for k = 2 the Finsler metric
can be continuously extended outside the cone all over TM\0 remaining Lorentzian; if
k = 3 the Cartan torsion can be continuously extended, if k = 4 the Cartan curvature can
be so extended, and so on. Of course these extensions are not unique since the extension
of L is not unique. Observe that a necessary condition for the extension of the metric
(Cartan torsion) is the C2 (resp. C3) differentiability of the light cone.
In conclusion, demanding the nice differentiability properties of Beem’s theory at
the lightlike cone leads to a Finsler Lagrangian which is the restriction of a Beem’s
Lagrangian to I+. Thus one is forced either to work with the rough theory and so work
out a different definition of lightlike geodesic, e.g. as the limit of timelike geodesics (see
below), or essentially work with a Beem’s Lagrangian, either restricted to a cone or not.
This result is important for it proves that there is only one Finslerian gravity theory for
sufficiently differentiable Lagrangians on the light cone.
We end the section summarizing recent progress on the geometrical aspects of Finsler
spacetime theory.
In [13] we proved that the Legendre map v → gv(v, ·) is bijective along with two in-
equalities, announced in [29], that had curiously passed unnoticed, namely the Lorentz-
Finsler reverse Cauchy-Schwarz inequality and the Lorentz-Finsler reverse triangle in-
equality. As it is there clarified these results hold also for the rough theory, since the
proofs involve just the future cone.
In [29, Sect. 1.4] we showed how to extend global causality theory to the Finslerian
domain using Beem’s definition. Indeed, we proved:
(a) existence of convex normal neighborhoods (Theor. 1.16), and
(b) that curves that move pointwisely slower than light move also locally slower than
light (Theor. 1.23), in other words that lightlike geodesics are locally achronal.
From here standard causality theory follows [30] since proofs generalize word for word
from the Lorentzian domain, as long as they do not involve tricky aspects related to
curvature [29]. For instance, the chronological relation is open; two points connected
by a causal curve are either chronologically related or the curve is an achronal lightlike
geodesic; globally hyperbolic spacetimes are defined in the usual way and split as a prod-
uct; the causal hierarchy of spacetimes holds unaltered, and so on. The correspondence
with the Lorentzian causality theory is so complete that it has yet to be be found a
4significative instance where it fails. For instance, the notable singularity theorems of
Lorentzian geometry generalize to the Finslerian framework [31, 32].
In all these applications it is convenient to work with a Beem’s Lagrangian if available.
One main advantage is that in Beem’s formulation there is a clear notion of convex
neighborhood [29]. While the existence of convex neighborhoods is not necessary for the
development of the theory, it helps greatly since many Lorentzian proofs, being based on
this concept, pass word for word to the Finslerian domain. This work, by establishing the
equivalence of the Beem’s and the conic approaches, proves that all the good properties
of Beem’s theory pass to the conic formulation.
Remark 2. It can be observed that the limit curve theorems [30, 33] can be applied
safely in the rough Finslerian theory. One could rework and modify the Lorentzian
proofs; but there is a simpler fast trick to see this fact. Any sharp convex cone is the
intersection of a countable number of round (elliptic) cones. As a consequence, on any
Finsler spacetime we can find Lorentzian metrics gk such that the future causal cone
of the Finsler spacetime at any point is the intersection of the future Lorentzian cones.
Thus if a sequence of inextendible Finsler causal curves γi, accumulates to a point p,
it converges, by the Lorentzian limit curve theorem [30, 33], to a limit curve γ passing
through p which is gk-casual for every k and hence Finsler causal. Therefore, one can
define Finsler lightlike geodesics in the rough theory as limits of timelike geodesics.
2. Extending the Finsler Lagrangian
In order to obtain the extension we have to study some properties of C2 Finsler
Lagrangians defined on the slit tangent bundle, so let L be defined all over TM\0.
Let us define the subsets of TM\0, of timelike vectors I = L −1((−∞, 0)), lightlike
vectors E = L −1(0) and causal vectors J = I ∪ E. Let I + ⊂ (TM\0)\J be the
subbundle obtained through the condition 2L = 1. This is called spacetime indicatrix
and I +x = I
+ ∩ TxM is the spacetime indicatrix at x. By positive homogeneity the
Finsler Lagrangian is determined outside J by the spacetime indicatrix, indeed
L (x, v) = s2/2, where v/s ∈ I +x .
Let us recall a few well known facts [7,34] on the relationship between Finsler metric at
a given point x ∈M and second fundamental form (affine metric) of I +x ⊂ TxM .
The Liouville vector field on L : TxM → TTxM is given by v ∈ TTxM at v ∈ TxM
and is transverse to the indicatrix because ∂L∂vα v
α = 2L = 1 6= 0. Let D denote the usual
derivative on TxM due to its affine structure, and let X and Y be two vectors tangent
to the indicatrix at v ∈ I +x . Let us extend them in a neighborhood U ⊂ TxM\0 of v to
two vector fields which are tangent to I +x . Since Y is tangent to the indicatrix we have
over U ∩I +x , ∂L∂vαY α = 0. Thus we can define the affine metric h (second fundamental
form) in the sense of affine differential geometry [20] with the Gauss equation for the
minus-Liouville transverse field
DXY = ∇XY − h(X,Y )v, (Gauss). (1)
5Here ∇ is a covariant derivative induced over the indicatrix which is not necessarily
the Levi-Civita connection of h (the difference between the two connections is the cubic
form [20]). Contracting with dL and using ∂L∂vα v
α = 2L and
dL (DXY ) =
∂L
∂vα
(Xβ
∂Y α
∂vβ
) = Xβ
∂
∂vβ
(
∂L
∂vα
Y α)−XβY α ∂
2L
∂vα∂vβ
= −gv(X,Y )
we arrive at
gv(X,Y ) = h(X,Y )2L . (2)
Summarizing, on the spacetime indicatrix 2L = 1 we have:
Proposition 1. The Finsler metric gv induces on the spacetime indicatrix I
+
x a metric
which coincides with the affine metric of the indicatrix, where the indicatrix is regarded
as a hypersurface of the affine space TxM with centro-affine transverse field −v (v is the
Liouville vector field).
Observe that the tangent space to the indicatrix at v ∈ I +x is ker gv(v, ·), and since
the transverse field v is gv-spacelike, gv(v, v) = 2L (x, v) = 1, the affine metric on the
spacetime indicatrix is Lorentzian. Thus if we are given a Finsler Lagrangian L on a
sharp cone J+, its extension on the slit tangent bundle can be accomplished through the
construction of a spacetime indicatrix with Lorentzian affine metric.
The next result is related to a known convenient parametrization of the indicatrix [35].
Theorem 2. Let t be projective coordinates on TxM ∩{v : v0 > 0} so that v = (v0,v) =
− 1u (1, t). The spacetime indicatrix I +x , regarded has an embedding σ : t → − 1u(t) (1, t)
has affine metric relative to the transverse field −v given by
h =
uij
u
dtidtj .
Proof. Let us observe that
σ∗(ej) = Dσ∗(ej)v = ∂j{−
1
u(t)
(1, t)} = −uj
u
v − 1
u(t)
∂j(1, t),
where ∂j is a shorthand for ∂/∂t
j. Thus
Dσ∗(ei)σ∗(ej) = Dσ∗(ei)Dσ∗(ej)v = ∂i∂j{−
1
u(t)
(1, t)}
=
uij
u
(−v) + uj
u2
∂i(1, t) +
ui
u2
∂j(1, t) + 2
uiuj
u2
v
= −ui
u
σ∗(ej)− uj
u
σ∗(ei) +
uij
u
(−v).
The first two terms are tangent to the indicatrix, thus the last one gives the affine
metric.
6Remark 3. Of course the coordinate v0 does not play any privileged role here. For
instance an analogous statement holds on the region v1 > 0 for similarly introduced
projective coordinates. This result tells us that the Lorentzianity of the affine metric of
the indicatrix can be read from a certain Hessian related to the projective radius.
The Lorentzianity of the affine metric on the indicatrix will be obtained passing
through the convexity of the level sets of its graph. For this reason we shall need a
lemma on convexity. We recall that a C2 function is convex (strictly convex) iff the
Hessian is positive semidefinite (resp. definite). A quasi-convex function is a function for
which the sublevel sets are convex. With B(p, r) ⊂ Rn we denote the open ball centered
at p of radius r.
Lemma 1. Let Ω ⊂ Rn be a compact convex neighborhood of the origin and let A be a
closed (possibly empty) set such that A ⊂ IntΩ. Let f be a Ck, 2 ≤ k ≤ ∞, function on
Ω which is strictly convex on Ω − A. Then there are constants a, b, r > 0, Ω ⊂ B(0, r),
such that f can be extended to a Ck function on Rn, strictly convex on Rn −A, in such
a way that f(x) = −a+ b‖x‖2 for ‖x‖ ≥ r.
The proof is based on the elaboration of some nice ideas on the extension of convex
C2 functions due to Min Yan [36].
Proof. ByWhitney’s extension theorem [28, Theor. I] f can be extended to Rn preserving
its differentiability properties. Let r1 > 0 be such that Ω1 ⊂ B(0, r1). According to a
recent result by Min Yan [36, Theor. 4.4] f can actually be extended to a Ck function 1
on Rn, strictly convex on Rn −A. From now on we denote with f this extension.
Let 0 < ǫ < r1 and let α : R
n → [0, 1] be a smooth function such that α = 1 on
B¯(0, 2r1) and α = 0 outside B(0, 2r1+ǫ). Let β : [0,+∞)→ [0, 1] be a smooth increasing
function such that β(s) = 0, for s ∈ [0, 2r1− ǫ], β(s), β′(s) > 0 for 2r1− ǫ < s < 3r1, and
β = 1 in a neighborhood of [4r1,∞). Let γ : [0,+∞)→ R be defined by
γ(t) =
∫ t
0
sβ(s) ds.
Finally, let
g(x) = γ(‖x‖),
then
h = αf + 2bg,
is the searched Ck extension, where b > 0 is a sufficiently large constant. It is an extension
because g = 0 on B¯(0, 2r1 − ǫ) where α = 1. For v ∈ TxRn
Hg(v, v) =
1
‖x‖
{
γ′(‖x‖)‖v‖2 + β′(‖x‖)(x · v)2
}
,
thus the Hessian of g is positive definite outside B¯(0, 2r1− ǫ) and positive semidefinite in
B¯(0, 2r1−ǫ). Now, h has positive definite Hessian on B¯(0, 2r1)−A since it coincides with
1The Ck , k > 2, case is not mentioned in [36] but follows immediately from the proof.
7f + bg on B¯(0, 2r1). It has positive definite Hessian on the compact set B¯(0, 2r1 + ǫ) −
B(0, 2r1) for sufficiently large b, since the Hessian of αf is bounded from below there.
Finally, it has positive Hessian outside B¯(0, 2r1 + ǫ) since it coincides with bg there.
Observe that γ(t) = 12 t
2− ∫ t0 s(1− β(s)) ds where the last integral is non-negative. Thus
since β = 1 in a neighborhood of [4r1,+∞) we have that γ(t) = 12 t2 − a/(2b) there for
some constant a > 0. As a consequence, h = b‖x‖2 − a for ‖x‖ ≥ r := 4r1 and renaming
h→ f the theorem is proved.
We are ready to prove our equivalence theorem. We have not been able to accomplish
reversibility of the extended Lagrangian so J− might be different from −J+.
Proof of theorem 1. Let u ∈ I+ = IntJ+ be a future-directed timelike vector field, and
let N ⊂ TM be a linear codimension one subbundle of the tangent bundle such that Nx
does not intersect Jx. The affine space u+Nx intersects J
+ in a convex set Cx with C
k
boundary. Let us introduce an auxiliary Riemannian metric on M in such a way that u
has unit norm (recall that M admits a Riemannian metric γ˜, see [37], thus γ = γ˜/γ˜(u, u)
would do). Thus we can regard TxM as a Euclidean space where the scalar product is
given by γx. This scalar product will be denoted with a dot and we shall denote the
induced norm with ‖ ‖. From now on we shall focus on a single tangent space TxM and
on its spacetime indicatrix. In order to get the extension over the whole manifold several
constants introduced in the following argument should be regarded as smooth functions
of x although the dependence on x will not be mentioned.
Let us introduce coordinates (v0, v1, · · · , vn) over TxM so that u = ∂0, Nx = span{∂1,
· · · , ∂n}, and the basis {∂1, · · · , ∂n} ofNx is orthonormal. In this way u+Nx = (v0)−1(1).
Let L˜ = L |v0=1 so that
L (v) = (v0)2L˜ (v/v0). (3)
Since L is defined so far only over Jx, L˜ is defined so far only over Cx but we are now
going to extend it over Nx.
We know (Remark 1) that L can be extended over a cone neighborhood of J+
preserving the Lorentzianity of the Hessian, so L˜ can be also extended in a neighborhood
of Cx.
We shall first show that L˜ can be redefined outside Cx preserving its level sets, but
so as to make it strictly convex. In this way we will be able to apply Lemma 1 and hence
obtain a special quadratic behavior at large distances. This simple dependence will be
important in order to construct L in the region v0 ≤ 0. Then in a last step we shall show
how to redefine L˜ in an intermediate region so as to get Lorentzianity of the Hessian of
L everywhere.
If v ∈ ∂Cx then dL = gv(v, ·) where v is a lightlike vector, the ker of this one-
form being TvE
+
x . Since u + Nx is transverse to E
+
x , dL˜ 6= 0 on ∂Cx. Since E+x is a
null hypersurface in the spacetime (TxM, gv) its induced space metric must be positive
definite, thus if X ∈ Tv∂Cx, X 6= 0, as X 6∝ v, we have
0 < gv(X,X) = HL (X,X) = HL˜ (X,X).
8In other words the Hessian of L˜ is positive definite when restricted to the tangent
space to ∂Cx. Let 0 < ε < 1 be so small that L has Lorentzian Hessian over C
3ε
x :=
L˜ −1((−∞, 3ε)]), and L˜ has strictly convex compact sublevel sets. In particular, L˜
is quasi-convex on C3εx . Let h : [2ε, 3ε] → R be a smooth increasing convex function
dependent on a parameter c > 0 such that it coincides with x in a neighborhood of 2ε,
it has first derivative at 3ǫ bounded by a constant independent of c and it has second
derivative at 3ǫ equal to c. Then for sufficiently large c > 0, h(L˜ ) is strictly convex in
a relatively compact inner neighborhood C3εx − A, A ⊇ C2εx , of ∂C3εx , while it remains
quasi-convex on C3εx .
Applying Lemma 1 with Ω = C3εx we get that L˜ on C
2ε
x can be extended over u+Nx
to a quasi-convex function which coincides with bv2 − a for sufficiently large ‖v‖. Let t
be projective coordinates on TxM so that v = (v
0,v) = v0(1, t). The graphing function
v0(t) determining the indicatrix 2L = 1 on the region v0 > 1 is obtained from Eq. (3),
v0(t) = 1/
√
2L˜ (t). In the notations of Theorem 2 we have u = −
√
2L˜ thus we have
only to show that
√
L˜ has Lorentzian Hessian.
For some r > 0, and ‖t‖ > r this is so because L˜ = bt2 − a (or because L =
−a(v0)2 + bv2). However we shall need to change L˜ in an intermediate region.
For t ∈ C2εx − Cx Lorentzianity follows from the fact that L is Lorentzian on the
corresponding convex cone neighborhood of J+x . Observe that ∂C
δ, 0 ≤ δ ≤ 2ε, is the
boundary of a strictly convex set, thus as they are level sets for
√
L˜ , they are spacelike
hypersurfaces on u+Nx for the metric given by the Hessian of
√
L˜ , and so
√
L˜ plays
the role of a time function there.
As L˜ is increasing and convex outside C3εx it goes to infinity on every radial line of
u+Nx starting from t = 0. We wish to prove the Lorentzianity of H
√
L˜ on a compact
set L˜ −1([ε2, R2]) ⊃ {t : ‖t‖ ≤ r}−C2εx . The idea is to modify
√
L˜ through composition
with an increasing function F so as to preserve its convex sublevel sets but adjust its
Hessian. Let X be a vector field on (u + Nx)\Cx transverse to ∂Cσx , σ ≥ ǫ, such that
∂XL˜ > 0, X is timelike with respect to H
√
L˜ on C2εx −Cx and X coincides with t for
‖t‖ ≥ r. Let
β = sup
L˜ −1([ε2,R2])
H
√
L˜ (X,X)(
∂X
√
L˜
)2 .
Let α : [0,+∞) → [0,+∞) be a smooth function which vanishes in [0, ε/2] and in a
neighborhood of [2R,+∞), and which is larger than β on [ε,R]. Let
F (x) =
∫ x
0
e−
∫
y
0
α(z)dzdy.
Note that F ′ > 0, F = x on [0, ε/2], while F = A+Bx with A,B > 0 in a neighborhood
of [2R,+∞). The inequality A > 0 is easily checked from
∫ 2R
0
(
e
∫
2R
0
αdz−
∫
y
0
αdz − 1)dy > 0⇒
∫ 2R
0
e−
∫
y
0
αdzdy > 2Re−
∫
2R
0
αdz ⇒ A > 0.
9The equality F = x assures that F ◦
√
L˜ coincides with
√
L˜ in a neighborhood of Cx.
Observe that
H
(
F ◦
√
L˜
)
(Y, Y ) = F ′H
√
L˜ (Y, Y ) + F ′′
(
∂Y
√
L˜
)2
,
so when Y is tangent to the level sets of F ◦
√
L˜ (or L˜ ) we have by their strict convexity
H
(
F ◦
√
L˜
)
(Y, Y ) > 0, while when Y = X
H
(
F ◦
√
L˜
)
(X,X) = F ′
{
H
√
L˜ (X,X)
(∂X
√
L˜ )2
− α
}(
∂X
√
L˜
)2
.
Thus the Hessian is Lorentzian on the whole region L ≥ 0 (notice that H
√
L˜ (X,X) < 0
in C2εx − Cx). Redefining F ◦
√
L˜ →
√
L˜ we get Lorentzianity of L all over the half-
space v0 > 0.
Observe that outside a cone containing the positive v0-axis L is rotationally sym-
metric around that axis. As its level sets are round, in order to infer the Lorentzianity
of the indicatrix it is sufficient to check that the intersection between the indicatrix and
the v0 − v1 plane is strictly convex when expressed as a function v1(v0). Outside the
mentioned cone
L = (v0)2
(
A+B
√
−a+ b(v/v0)2
)2
,
thus
v1(v0) =
[a
b
+
1
B2b
( 1√
2
−Av0
)2]1/2
, v0 > 0.
This function is convex for v0 > 0 but it does not match with that obtained for v0 <
0 through reflection. However, since ∂v1/∂v0|v0→0 < 0 it is possible to continue the
function for v0 ≤ 0 (and modify it slightly near v0 = 0 if needed) while preserving strict
convexity so as to match v1 =
√
d+ e(v0)2, d > 0, for some sufficiently large e > 0,
on v0 < 0 for sufficiently large |v0|. In this way L has Lorentzian Hessian everywhere
and coincides with a quadratic function L = [−e(v0)2 + v2]/(2d) in a neighborhood
of the past causal cone. The other statement of the theorem are immediate from the
construction or follow from the general results of [13].
3. Conclusion
We have shown that in sufficiently regular cone Lagrangian theories one can first pass
to a slit tangent space Lagrangian, safely use the concept of convex neighborhood and
space geodesic, and so translate almost effortlessly several Lorentzian results into their
Finsler-Lorentzian analog. One can also use the standard theory of Finsler connections
over the slit bundle TM\0. This result proves the essential uniqueness of sufficiently
regular Finsler spacetime theories.
Essentially, one is really forced to work on the cone only if the theory is sufficiently
rough at the boundary of the cone, in which case one should be ready to adopt a rough
10
Finslerian theory for the lightlike geodesics. In this case there is one direction which is
particularly worth exploring. I refer to rough Finsler spacetimes which admit a vanishing
mean Cartan torsion, or equivalently, affine sphere indicatrices [14]. They will be duly
investigated in a different work.
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